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Abstract—An efficient finite-element reduced-order quasi-TEM
model for the frequency-dependent characteristics of lossy mul-
ticonductor transmission lines is presented. Conductor losses are
evaluated as functions of frequency through a magneto-quasi-static
model. Numerically generated problem-matched basis functions
reduce the problem size and, therefore, the CPU time required by
frequency sweeps without appreciable loss of accuracy. The pro-
posed approach is applied to complex coplanar waveguides and to
multiconductor interconnects; its results are compared with quasi-
analytical techniques and with the full-wave finite-element method.

Index Terms—Coplanar waveguides (CPWs), Damascene
multilevel interconnects, electrooptic modulators, finite-element
method (FEM), magneto-quasi-static problem, micromachined
CPWs, model order reduction, multiconductor transmission lines
(MTLs), ohmic losses, skin effect.

I. INTRODUCTION

I N MANY analog, digital, and opto-electronic high-speed
circuit applications, accurate, but computationally efficient,

models are required for simple or multiconductor transmission
lines (MTLs), often allowing for complex geometries and ma-
terials. These may include arbitrary cross sections, anisotropic
and lossy substrates, and metallic regions of finite conductivity
whose thickness may be smaller or larger than the skin pene-
tration depth within the frequency range of interest. Moreover,
the design of high-speed digital circuits involves the accurate
prediction of reflection, distortion, and crosstalk in intercon-
nects, thus stressing the importance of efficient and accurate
techniques for the wide-band modeling of lossy multiconductor
lines.

Among the quasi-static or full-wave (FW) analysis tech-
niques allowing for anisotropic materials, conductor and
dielectric losses, and arbitrary (e.g., nonplanar) geometries, the
finite-element method (FEM) is probably the most flexible and
powerful. Different FW-FEM formulations of the waveguide
problem have been presented in the literature [1]; recently, a
general three-component formulation of the lossy anisotropic
waveguide problem has been introduced [2]. The FW ap-
proach leads to a large (albeit sparse) generalized eigenvalue
problem, whose solutions are the complex modal propagation
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constants [3]–[5]. Although acceleration methods are available
to improve the computational efficiency of the FW model
(see, e.g., the reduced-order technique proposed in [3]), this
approach is still computationally too intensive for the direct
inclusion in computer-aided design (CAD) tools for circuit
analysis and design, above all in the multiconductor case. On
the other hand, in many applications (e.g., high-speed digital
or analog integrated circuits), the size reduction of the line
cross section makes modal dispersion virtually negligible for
quasi-TEM propagation on a wide frequency range; in such
cases, the quasi-static FEM model is a viable alternative to the
FW analysis.

This paper introduces a quasi-static FEM technique for the
efficient evaluation of the frequency-dependent characteristic
parameters of lossy multiconductor transmission lines (MTLs);
the method proposed is a generalization of the approach pre-
sented in [6] by Bertazzi et al. The extraction of the per-unit-
length (p.u.l.) inductance and resistance matrices of MTLs is
based on the solution of the two-dimensional (2-D) magneto-
quasi-static problem for the magnetic potential. The formula-
tion of the magneto-quasi-static problem leads, in contrast with
the integrodifferential formulation introduced in [7], to a sparse
matrix equation.

In many practical cases the frequency dispersion of the
quasi-TEM MTL p.u.l. parameters, related to material losses,
cannot be neglected. The accurate analysis of the MTL re-
sponse in the presence of wide-band signals thus requires
the computation of the MTL p.u.l. parameters (in particular,
the series impedance matrix) versus frequency. Despite the
improved efficiency of the quasi-TEM with respect to the
FW approach, repeating the quasi-TEM analysis for many
frequency points in the range of interest still leads to a com-
putationally intensive problem. Reduced-order approaches
previously applied to the efficient wide-band solution of the
FW problem [3] can be readily extended to the computation of
frequency-dependent quasi-TEM parameters. Such approaches
are based on the numerical generation of an orthonormalized
set of problem-matched basis functions [8]. In this paper, a
robust fast frequency-sweep technique, based on the concept of
problem-matched basis functions, is proposed for the solution
of the eddy–current problem in a lossy MTL. This technique
allows for a drastic reduction of the number of basis functions,
while still accurately approximating the original response over
a broad frequency range.

This paper is organized as follows. In Section II, the
quasi-TEM formulation is reported. Section III presents the
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numerical procedure for the generation of problem-specific
basis functions. The extraction process for the quasi-TEM
circuit parameters of the MTL is described in Section II-C.
Several examples are discussed in Section IV, where excellent
agreement is demonstrated with the FW-FEM. Some con-
cluding remarks are finally reported in Section V.

II. QUASI-TEM MODEL

Consider an MTL consisting of conductors (including the
reference conductor), embedded in a lossy nonhomogeneous di-
electric medium, characterized by diagonal permittivity and per-
meability tensors , . Dielectric losses are included in the imag-
inary part of the permittivity tensor. Let us assume that the line
is uniform along the -axis, and let the electrodes have arbitrary
cross sections and finite conductivity , which we assume
as constant on the th conductor cross section.

Assuming quasi-TEM modal propagation, the electric and
magnetic problems can be decoupled, thus leading to the
separate evaluation of the transverse magnetic and electric
fields, respectively. The transverse -field is evaluated through
an eddy–current formulation, which assumes that the transverse
electric field in the conductors is negligible, whereas in the
same regions, a small -component of the electric field exists,
related to the conduction current density . The transverse

-field outside the conductors is computed through a con-
ventional quasi-static approach based on the solution of the
Laplace equation for the electric potential. The two formu-
lations immediately lead to the definition of the p.u.l. series
impedance and parallel admittance, respectively, of the MTL.

A. Transverse -Field (Eddy–Current) Formulation

In the present approach, a vector potential and a scalar po-
tential are chosen as unknown variables. They are defined
through the electric and magnetic fields as

From potential theory, it is well known that the vector potential
is not unique unless a gauge condition is imposed. Using the

Lorentz condition, an inhomogeneous Helmholtz equation for
the magnetic potential results [9] as follows:

(1)

where is the impressed current density. If quasi-TEM prop-
agation is assumed, has only one component along the -di-
rection, which is given by the product of the metal conductivity
times the longitudinal impressed electric field ; since the trans-
verse electric-field components are taken to be negligible inside
the electrodes, the impressed electric field may
be taken constant over the metal conductors [10]

(2)

Substituting (2) into (1) and neglecting displacement currents,
(1) simplifies to

(3a)

(3b)

where denotes the dielectric region outside the metal con-
ductors. After the computational domain has been divided
into a set of triangular elements, the application of Galerkin’s
procedure to (3) yields the following matrix equation:

(4)

where and

(5a)

(5b)

(5c)

Explicit forms of the column shape function vectors ,
, and , and analytical expressions of the integrals

in (5) are given in [11]. Homogeneous Dirichlet and Neumann
boundary conditions are assumed on the subsets and

, respectively, of the whole boundary of the domain

on (6a)

on (6b)

where and are electric and magnetic walls, respectively,
and is the outward normal vector. Of course, in assembling (4),
the (natural) boundary conditions (6b) do not need to be explic-
itly enforced. Once (3) has been solved for a given impressed
current density, the MTL currents may be evaluated integrating
the total current density
over the electrodes

(7)

where is the conductor cross area. In order to compute the
p.u.l. series impedance matrix of the MTL, we compute lin-
early independent solutions of (3), obtained by setting a unit
impressed electric field in each of the conductors in succes-
sion. The p.u.l. impedance matrix
can then be readily evaluated from the generalized telegraphers’
equation

where is the identity matrix whose columns represent
the electric-field excitations of the MTL, and the columns of
are the corresponding currents computed according to (7).

Notice that the present formulation, when compared to the
conventional integrodifferential equation introduced for the
two-dimensional eddy–current problem in [7] and [12], leads to
the finite-element matrix equation (4) which can be efficiently
handled by a sparse linear solver. Also, (4) may be efficiently
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solved for any current excitation once a sparse factorization of
the coefficient matrix has been obtained.

B. Transverse -Field Formulation

To evaluate the parallel p.u.l. admittance matrix, the electro-
static potential is computed from Laplace’s equation

subject to the boundary conditions that the potential be con-
stant over each conductor . Application of the Galerkin pro-
cedure leads to the sparse problem

where originates from the applied voltages on the metal con-
ductors and is a sparse matrix whose expression can be found
in [5]. The p.u.l. admittance matrix can be
conveniently evaluated from the complex electrostatic energy
matrix obtained applying unit voltage on each conductor in suc-
cession as follows:

where is the conjugate transpose operator, is a iden-
tity matrix whose columns correspond to the voltage excitations
of the active strips, and the column vectors are the
finite-element representations of the induced electrostatic po-
tentials. Notice that, if dielectric losses are characterized by a
frequency-independent loss tangent, the conductance matrix
is a linear function of frequency.

C. Modal Analysis

As well known, a system of active conductors supports
quasi-TEM propagation modes, whose phase velocities and

characteristic impedances can be derived through standard tech-
niques from multiconductor analysis. Once the p.u.l. matrices

, , , and have been computed for each
frequency, the modal propagation constants can be derived as
the square roots of the eigenvalues of the matrix product

where the columns of matrix are the modal currents in the
active electrodes, and . The diagonal
modal characteristic impedance matrix may be computed ac-
cording to the power–current definition as [13]

III. REDUCED-ORDER MODEL

Although modal dispersion is negligible for quasi-TEM lines,
losses are responsible for strong dispersion from the low-fre-
quency RC range to the skin-effect LC regime and the very
p.u.l. parameters (in particular, the resistance and inductance
matrices) are, in principle, frequency dependent. In this study,
conductor ohmic loss is assumed to be the dominant loss mech-
anism, and dielectric losses are modeled by a frequency-inde-
pendent loss tangent. Consequently, the electrostatic potential
does not depend on frequency, whereas the magneto-quasi-static
analysis should be repeated for many frequency sampling points

in the range of interest. A fast frequency-sweep technique for
the solution of the skin-effect problem is presented here. Notice,
however, that this technique may also be applied to the electro-
static problem if dielectric losses are represented through a con-
stant conductivity or other physics-based models [14].

Several order-reduction techniques have been presented
during the last few years for the solution of electromagnetic
problems (see, e.g., [3] for a review). Recently, the concept of
problem-matched basis functions has received much interest;
such basis functions are extremely efficient in the (wide-band)
representation of the unknown, thus drastically reducing the
CPU time. In [8], a novel technique for the numerical gen-
eration of an orthonormalized set of problem-matched basis
functions has been introduced with application to the scattering
problem. The technique in [8] (see [3] for an application to the
FW modal analysis) is applied to the solution of the quasi-static
problem as follows. The magnetic potential is evaluated
with full accuracy via the approach described in Section II at

frequency points chosen in the band of
interest. Fast frequency sweeps are made possible through the
generation of problem-specific basis functions derived from
this exact analysis at the sampling points. In order to define
an orthonormalized set of problem-matched basis functions,
the FEM solution vectors are arranged column-wise in
a matrix , which is then subjected to the reduced
singular value decomposition (SVD) [15]

where is an matrix whose columns are the singular
vectors, is a diagonal matrix with positive elements
(singular values), and is a unitary matrix. The signif-
icance of each singular vector in the representation of the un-
known is measured by the corresponding singular value. Since
they range over several orders of magnitude, not all of the sin-
gular vectors are needed to get accurate results [3]. Let
then be the number of singular vectors assumed to be adequate
to represent the unknown. The selected singular vectors define
a set of problem-matched basis functions of a low-dimensional
subspace that contains the potential representation, at least
in the band of interest. System (4) may be written in compact
form as , where , are fre-
quency-independent matrices, which can be derived by inspec-
tion of (4). The restriction of large-scale equation (4) in the sub-
space yields the reduced-order model

(8)

where is the unknown in the reduced-order representation
and matrix consists of the first singular vectors selected.
Notice that the MTL currents may be directly computed in the
reduced-order representation as

(9)

Equation (8) has size , and may be easily solved by a di-
rect method for each frequency value. Moreover, by inspection
of the dynamic range of the singular values, the accuracy level
of the procedure can be controlled: if the singular values have
a small dynamic range, not enough information is available, and



2032 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 9, SEPTEMBER 2003

Fig. 1. Comparison between the normalized magnitude of the current density
jJ =J j in the cylindrical wire at f = 1 kHz and f = 5 kHz as a function
of the radius of the wire r=r evaluated analytically (triangles) and with the
present numerical approach for Q = 1; 2; 3; 4 (solid lines).

the frequency sampling rate should be increased. In all the nu-
merical examples considered in this study, the sampling fre-
quencies have been distributed with a uniform spacing over the
frequency range of interest. The very good accuracy achieved
by this simple approach with a small number of samples prob-
ably makes irrelevant the refinement of the sampling frequency
selection strategy.

As an example of the properties of the reduced-order algo-
rithm in a case where the exact analytical solution is available,
a copper cylindrical conductor (radius mm, conduc-
tivity S/m) has been considered. The mag-
neto-quasi-static problem has been solved via the standard ap-
proach at frequency points chosen in the range from
0.1 to 1000 kHz; the reduced-order model was then obtained.
Fig. 1 compares the magnitude of the total current density eval-
uated at two frequencies with its exact analytical expression
[9] and through the present reduced-order model with

problem-matched basis functions. The range of the sin-
gular values is approximately eight orders of magnitude. No-
tice the remarkable accuracy that may be achieved in the mod-
eling of the frequency-dependent current density by using only
the first four basis functions, whose corresponding (normal-
ized) singular values are 1, 0.0159, 0.0018, and 0.0004. As a
rule-of-thumb, basis functions corresponding to singular values
at least three orders of magnitude below the dominant one can
be safely neglected.

IV. RESULTS

In order to show the effectiveness of the proposed numer-
ical technique, three different structures have been considered:
a ridge-type coplanar waveguide (CPW) on a lithium–niobate
substrate, a set of micromachined CPWs, and a typical inter-
connect structure. Excellent agreement is demonstrated (in the
frequency range where modal dispersion is negligible) with the
FW solution, at less than one-tenth of its computational cost.

A. Ridge Modulator

The design and optimization of electrooptic modulators
on LiNbO substrates demand precise modeling of their
microwave propagation characteristics because of the con-
flicting requirements in terms of velocity matching, low

Fig. 2. Cross section of a ridge-type CPW. The geometrical parameters are
t = 29 �m,W = 8�m,G = 25�m, t = 0:6�m, h = 3:5�m, s = 9 �m,
� = 70 , and � = 1 �m.

Fig. 3. Normalized singular values (up to order 10) of the reduced-order model
for the ridge-type CPW shown in Fig. 2.

microwave attenuation, and superposition between the optical
and microwave fields [16]. In the ridge-type modulator (see
Fig. 2) introduced in [17] and [18], synchronous coupling
with the optical signal is achieved by removing the high
dielectric-constant lithium niobate (the relative permittivity
constants of the Z-cut -propagating LiNbO substrate are
28 and 43 perpendicular and parallel to the substrate surface,
respectively, and the loss tangent is ) around the
center conductor, and inserting a low dielectric constant SiO
buffer layer ( , ) underneath the gold
electrodes S/m . The CPW structure under
investigation is shown in Fig. 2, and has been already studied in
[5]. The realistic metallization undercutting is a typical result
of galvanic processes. The magneto-static problem has been
solved at frequency points. The range of the singular
values is approximately five orders of magnitude (see Fig. 3),
which confirms that the frequency sampling rate is sufficient
to represent the solution. The microwave effective index ,
the attenuation constant (in decibels per centimeter), and the
characteristic impedance have been computed versus fre-
quency with problem-matched basis functions (see
Fig. 4). The frequency variations of the circuit parameters of the
line are correctly modeled with problem-matched basis
functions over a bandwidth of 100 GHz. Notice that the current
density distribution inside lossy conductors drastically changes
within the selected frequency range. An excellent agreement
may be observed between the present quasi-static analysis and
the FW-FEM solution [3]. The microwave effective index and
characteristic impedance in [5] are also in excellent agreement
with this study and are not reported for clarity. In this approach,
the microwave attenuation includes the contribution of
dielectric losses and, therefore, is significantly higher at high
frequencies [14] than the familiar behavior presented in [5].
The small discrepancies, arising at higher frequencies between
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(a)

(b)

Fig. 4. (a) Microwave effective index n , attenuation � (in decibels
per centimeter), and (b) complex characteristic impedance Z (
) of the
ridge-type CPW shown in Fig. 2, computed with the FW-FEM (triangles) and
present magnetic-quasi-static model with Q = 2; 3; 5 problem-matched basis
functions. Characteristic impedances have been computed according to the
power–current definition.

quasi-TEM model and FW solutions, are related to the onset
of higher order substrate modes [19]. Owing to the very small
transverse line dimension, modal dispersion in this structure is
virtually negligible over the whole frequency range.

The CPU time required by a MATLAB1 implementation of the
proposed quasi-static FEM on a personal computer equipped
with an 800-MHz Intel Pentium III processor is 0.6 s for the so-
lution of the electric problem, 1.4 s for the solution of the mag-
netic problem at each frequency point, and 0.4 s for the SVD
and the reduced-order frequency sweep. On the same mesh,
FW-FEM analysis using zeroth-order curl-conforming elements
takes 30 s at each frequency point.

B. Micromachined CPWs

Conventional CPWs exhibit high conductor losses at high and
low characteristic impedance due to narrowing of the center
conductor and slot width, respectively. Recently, a novel class of
CPW structures, in which the electrodes are elevated with mi-
cromachining techniques, has been introduced to achieve low
losses over a broad impedance range [20], [21]. In the present
example, three structures are considered (see Fig. 5), i.e., the

1MATLAB is a registered trademark of The MathWorks Inc., Natick, MA.

Fig. 5. Cross section of micromachined OCPW and ECPW.

elevated coplanar waveguide (ECPW) (the center electrode and
ground planes are elevated to the same height ), the overlay
coplanar waveguide (OCPW) (the edges of the center conductor
are elevated and partially overlapped with the ground), and the
conventional CPW. The ground-to-ground spacing
was fixed at 170 m for this comparison. The center conductor
width was changed to vary the characteristic impedance of
the conventional CPW. The gap of the ECPW was changed
from 3 to 27 m; the overlap of the OCPW was changed
from 50 to 30 m (negative values represent separation). All
the conductor layers have been assumed to be 3- m-thick elec-
troplated gold on a glass substrate with nonnegligible dielectric
losses ( , ). In Fig. 6(a), the in vacuo mi-
crowave attenuation constant of the OCPW and ECPW at

GHz is plotted versus the characteristic impedance .
The quasi-static technique is in excellent agreement with the
reference results obtained with the numerical conformal map-
ping (CM) technique proposed in [22] (numerical CM repre-
sents an ideal reference tool for in vacuo CPWs of arbitrary
cross section since is evaluated exactly and is extremely
well described in the microwave range). The same agreement
may be observed in Fig. 6(b) between the present approach and
the FW-FEM analysis when a dielectric substrate is included
in the simulation. The computation time of quasi-static anal-
ysis is approximately one-tenth of FW analysis. As expected,
compared with the conventional CPW, the OCPW shows lower
losses over a broad impedance range. In the OCPW design, cur-
rent crowding at the edges of the conductors is avoided by con-
trolling the characteristic impedance with the overlap parameter

, and a screening effect from substrate losses is achieved by
concentrating the electric field in the parallel-plate region be-
tween the center electrode and ground electrodes [21].

C. Damascene Multiconductor Interconnect Structure

The analysis and design of high-speed multiconductor inter-
connects has become, during the last few years, increasingly im-
portant in microelectronics (see, e.g., [23]). As an example of
application, a Damascene Cu multiconductor interconnect bus
(shown in Fig. 7) has been considered. The permittivity of
the embedding dielectric SiO is with loss tangent

. All the signal lines and reference conductors are
made of copper, with conductivity S/m. Eight fre-
quency sampling points have been evenly spaced in the interval
between 1–40 GHz. The range of the singular values was found
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(a)

(b)

Fig. 6. (a) In vacuo microwave attenuation � (in decibels per centimeter)
versus characteristic impedance Z (
) of the OCPW and ECPW (the gold
electrode conductivity is � = 4:1 � 10 S/m), computed with numerical
CM (diamonds) and the present magneto-quasi-static model (solid lines)
at f = 50 GHz. (b) Microwave attenuation � (in decibels per centimeter)
versus characteristic impedance Z(
) of the OCPW, ECPW, and CPW on a
520-�m-thick glass substrate (� = 4:6, tan � = 0:02) computed with the
FW-FEM (triangles) and the present magneto-quasi-static model (solid lines),
at f = 50 GHz. The geometrical parameters are t = 3 �m, W = 28 �m,
S = 71 �m, O = 10 �m, H = 15 �m, and T = 40 �m.

Fig. 7 Cross section of an eight-conductor Cu Damascene interconnect;
conductor 0 is the return (reference) line. The embedding dielectric is SiO .

to be over ten orders of magnitude. By discarding the singular
values three orders of magnitude below the dominant one, we
only selected the first singular values. Fig. 8 shows
the microwave effective index and attenuation of the
quasi-TEM modes of the multiconductor system computed with
the present approach and FW-FEM analysis. Excellent agree-
ment may be observed between quasi-static analysis and FW

(a)

(b)

Fig. 8 (a) Microwave effective index n and (b) attenuation constant � (in
decibels per centimeter) of the quasi-TEM modes of the interconnect structure
shown in Fig. 7 computed with FW-FEM (circles) and the present model (solid
lines). The eight quasi-TEM modes are ordered according to decreasing n
and �.

results up to 40 GHz and beyond. Owing to the submicrometer
cross section of the interconnect, low-frequency dispersion
effects are noticeable up to more than 10 GHz. Moreover, al-
though the dielectric is homogeneous, the modal effective per-
mittivities are quite different from each other and larger than
the SiO permittivity even at the highest frequency considered.
This slow-wave effect can be attributed to the magnetic-field
penetration into the conductors, which is significant even at 40
GHz, where the skin-effect penetration depth is m,
i.e., comparable with the conductor thickness. Thus, it can be
concluded that, due to the effect of losses, a purely TEM model
is altogether inadequate to simulate the propagation character-
istics of this kind of interconnect structures.

V. CONCLUSION

An FEM-based fast and accurate reduced-order model has
been developed for the computation of the frequency-dependent
characteristic p.u.l. parameters of multiconductor lines. Several
examples have been presented concerning high-speed structures
for analog and digital applications. Excellent agreement with
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FW methods has been achieved at a fraction of their computa-
tional cost.
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